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Introduction

The International Humanities Council (Conseil International de Philo-
sophie et des Sciences Humaines; CIPSH) has established a CIPSH Chair
entitled Diversity of Mathematical Research Cultures & Practices (DMRCP)
at the Universität Hamburg (cf. Figure 1). This institution aims to study
mathematics as a human discipline using methods from the empirical so-
cial sciences and the humanities with a particular focus on the effect of
differences in research cultures and practices on mathematics.

While the term “philosophy” is not part of the name of the CIPSH Chair,
DMRCP stands in the tradition of a wider research community that was or
is involved in the conference series Perspectives on Mathematical Practices
(PMP) (Brussels; 2002 & 2007), the network Philosophy of Mathematics:
Sociological Aspects & Mathematical Practice (PhiMSAMP) funded by the
Deutsche Forschungsgemeinschaft (DFG; 2006–2010), as well as the closely
related Association for the Philosophy of Mathematical Practice (APMP).
Like the CIPSH chair, this research community is motivated and driven
by questions of a philosophical nature about mathematics and studies the
discipline of mathematics on the basis of empirical data.1 For the purpose
of this paper, we shall introduce the loosely defined term

empirical philosophy of mathematics

1Cf. [51] for a discussion of the peculiar relationship between this research community
and the field of philosophy.

DMRCP: Diversity in Mathematical Research Cultures & Practices. 11 May 2025.
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for this particular approach: by empirical philosophy of mathematics, we re-
fer to philosophy of mathematics whose philosophical arguments make use
of empirical data about mathematical practices, i.e., the way mathemati-
cians speak, act, and collaborate, their institutions and incentive structures,
their implicit and explicit value judgments etc. To be abundantly clear: this
does not mean that the empirical philosopher uses only arguments based
on empirical data about mathematical practices, just that such data is used
in the philosophical arguments. This approach encompasses philosophical
arguments primarily based on empirical studies, as well as those that incor-
porate empirical data at some stage of the argument.2

In our Triptych consisting of three closely connected parts, we shall argue
why it is reasonable to assume that empirical data about mathematical
practices is relevant for philosophy of mathematics (Part I), discuss who
has to provide such empirical data (Part II), and describe how empirical
philosophy of mathematics is done (Part III).

The type of empirical data.

We emphasise that we stipulate that empirical philosophy of mathematics
specifically uses empirical data about mathematical practices, not just any
type of empirical data.

This distinction is considerably more salient for other disciplinary philo-
sophies of science than for philosophy of mathematics. For an empirical
science, e.g., physics, chemistry, or biology, there are two very different types
of empirical data potentially of relevance for the philosopher: empirical data
about the physical, chemical, or biological world and empirical data about
scientific practices in physics, chemistry, or biology.

Only very extreme philosophical positions (e.g., positions that in prin-
ciple deny the existence of physical reality or our ability to gain empirical
information about that physical reality) would reject the view that empirical
data about the physical, chemical, or biological world has some bearing on
philosophy of physics, chemistry, or biology. Use of such empirical data in
philosophical arguments is common in philosophy of science and would not

2Other authors use the term empirically informed philosophy of mathematics for this
approach which aligns with the use of similar terminology in other parts of philosophy
(e.g., [3, 38]). We consider the two terms to be semantically, if not necessarily prag-
matically synonymous: since “empirically informed” could be interpreted as an approach
where the philosopher is not actively involved in obtaining the empirical information, we
shall use the more neutral terminology “empirical”; cf. also the discussion in [44].

Empirical philosophy of mathematics is closely connected with philosophy of mathe-
matical practice which “is not primarily defined in terms of its object, but rather by its
methods: it is a term for a ‘gamut of approaches’ applied to the philosophy of mathe-
matics [52, p. 16]”. We consider empirical philosophy of mathematics to be one of these
approaches and therefore, as mentioned before, an integral component of the wider re-
search community that is involved in the Association for the Philosophy of Mathematical
Practice.
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Figure 1. The CIPSH Chair Diversity of Mathematical Research Cultures
and Practices (DMRCP)

constitute empirical philosophy of physics, chemistry, or biology according
to our terminology. The use of empirical data about the practices of physi-
cists, chemists, or biologists, on the other hand, would not be accepted by
all or possibly even most philosophers of science in philosophical arguments.
It is the latter type of empirical philosophy of science that we are focusing
on.

Note that this distinction is less straightforward for a non-empirical dis-
cipline (such as mathematics): the question whether empirical data has any
relevant impact on mathematics at all is a debated philosophical position
within philosophy of mathematics. Empiricism would claim that it does,
but other philosophies of mathematics disagree. Empiricism is a philosophi-
cal position about mathematics, taking a particular view of how mathemat-
ical knowledge is obtained: an empiricist philosopher of mathematics would
claim that empirical knowledge plays an important role in mathematical
epistemology.3 Depending on her philosophical views, an empirical philoso-
pher of mathematics could argue for or against empiricism on the basis of
empirical data about how mathematicians corroborate their knowledge in
their research practices. Most importantly, being an empirical philosopher
of mathematics does not imply any position on the question of empiricism
in mathematics.

3For an overview of the early empiricism of John Stuart Mill (1806–1873), cf. [71,
§ 4.3]; modern empiricist positions usually relate to the Quine-Putnam indispensability
argument [67, 13].
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CIPSH Chairs.

It is reasonable to assume that very few readers know what a CIPSH
Chair is, as this is a relatively new programme instituted by the Interna-
tional Humanities Council (Conseil International de Philosophie et des Sci-
ences Humaines, CIPSH), modelled after the better known programmes of
UNESCO Chairs, in 2018. In spite of their names, neither UNESCO Chairs
nor CIPSH Chairs are professorships, but rather research networks. We
quote from the UNESCO documentation:

A UNESCO Chair is a project and a team at a university or a higher
education or research institution that partners with UNESCO in order
to advance knowledge and practice in an area that is a priority for
both the institution and UNESCO. [76, p. 5]

Similarly, a CIPSH Chair is a network of several research institutions, cen-
tred around one institution that created the CIPSH Chair and appointed
its chairholder. In addition to the network that constitutes each individual
CIPSH Chair, the CIPSH Chairs programme creates another higher-level
network where the chairholders can exchange experiences and best prac-
tices. The CIPSH Chairs programme was proposed and discussed by the
33rd General Assembly of CIPSH in Liège on 6 August 2017 and created
by the CIPSH Executive Committee on 16 April 2018 during its meeting in
Xiamen. Until early 2025, ten CIPSH Chairs were created, covering topics
such as ethnolinguistics, digital humanities, and spiritualism.

DMRCP.

Diversity of Mathematical Research Cultures & Practices (DMRCP) is one
of these ten CIPSH Chairs. It studies cultural phenomena in mathemati-
cal research, with a particular emphasis on phenomena where different re-
search cultures diverge on their practices, to obtain a multi-dimensional
description of the nature, epistemology, and methodology of mathematical
research, contrast it with other disciplines, and describe and understand the
cultural variance across various boundaries (e.g., national, disciplinary, or
sectorial boundaries). This research must necessarily involve a plethora of
disciplines, including (in alphabetic order) anthropology, history of science,
mathematics education, philosophy of science, psychology, and sociology,
and actively involve research mathematicians.

The goal of the network is to catalyse research cooperation between the
network nodes, to coordinate the global research activities in this area, and
to provide infrastructure (both for research support and research dissemi-
nation) to those researchers working in the area.

The authors of this paper are the scientific coordinator and the chairhol-
der of DMRCP, respectively. DMRCP has both Senior Fellows and Fellows:
the Senior Fellows together with the chairholder form the DMRCP Council,
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the main deliberative body of the network that makes strategic decisions
and elects the Fellowship.

The inaugural Senior Fellows were Hanne Andersen, Carolin Antos-
Kuby, Helen De Cruz, Karen François, Christian Greiffenhagen, Gerhard
Heinzmann, Matthew Inglis, Catherine Jami, Brendan Larvor, Ursula Mar-
tin, Helena Mihaljević, Eva Müller-Hill, R. Ramanujam, Dirk Schlimm, and
Bart Van Kerkhove.4 DMRCP Fellowship is open to researchers interested
in the aims and scope of DMRCP: readers interested in the network are
invited to contact the first author to discuss a nomination for election.

4Hanne Andersen resigned her Senior Fellowship on 1 July 2023 and was replaced by
Henrik Kragh Sørensen on the DMRCP Council.
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Part I: Why?

In Part I, we shall discuss why it is possible at all to get philosophi-
cal conclusions from empirical data about mathematical practice. We shall
argue that denying this possibility forces the philosopher to take an unac-
ceptable meta-philosophical position about the independence between philo-
sophical concepts and their natural language counterparts.

I.1 Empirical philosophy of mathematics in the wider
scope of philosophical methodology

In this section, we situate empirical philosophy of mathematics within the
literature on philosophical methodology.

We remind the reader that empirical philosophy of mathematics is phi-
losophy of mathematics whose philosophical arguments make use of empir-
ical data about mathematical practices (cf. The type of empirical data
on p. 2). We shall review well-known methodological approaches that relate
to our concept of empirical philosophy of mathematics. The relationship to
philosophy of mathematical practice was discussed in Footnote 2; in the fol-
lowing, we shall comment on its relationship with experimental philosophy
and naturalism.

I.1.1 Experimental philosophy.

The motivation of experimental philosophy is to supplement individual in-
tuitions of a philosopher (introspection) by general folk intuitions: “Exper-
imental philosophers ... think that important philosophical lessons can be
learned by looking carefully at ordinary people’s intuitions about cases” [46,
p. 4]. One of the metholodological claims of experimental philosophers is
that folk intuitions are more reliable:

Standard philosophical practice involves an appeal to intuitions as ev-
idence for or against particular philosophical claims. Unfortunately,
practitioners of standard philosophical practice too often rest content
with the assumption that their own intuitions are representative of
those of the broader class of philosophers and/or the folk. But, resting
content with such an assumption obscures the fact that claims about
the distribution of intuitions are straightforwardly empirical claims—
testable predictions about how people will respond when presented
with [philosophical questions such as thought-experiments]. As such,
we should be concerned with conducting empirical research in or-
der to determine precisely what are the intuitions that are held by
philosophers and non-philosophers alike. Only the results of such re-
search can deliver the intuitions that can serve as evidential basis for
or against philosophical claims. [1, p. 61]
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In traditional armchair philosophy, introspection often plays a crucial
role, but is not independently testable or replicable. It has been argued
that this methodology is behind the perception of philosophy as a series
of never-ending disagreements and debates.5 Experimental philosophers
aim to solve this problem and to generate more reliable intuitions about
philosophical concepts by empirical means, using the empirical results of
their studies for their philosophical arguments.

The methodological disagreement between armchair and experimental
philosophers has been discussed by several authors. E.g., Kauppinen ex-
amines the claim that empirically collated intuitions are more reliable and
comes to the conclusion that armchair philosophy offers more reliability after
all: “assessing the truth of intuition claims can remain a relatively armchair
business that begins with our own considered reactions to the case at hand”
[45, p. 110]. Kauppinen argues that the discrepancy between philosophi-
cal concepts and their natural language counterparts (cf. § I.2) means that
philosophers are the most competent judges of philosophical concepts, and
the empirically generated folk intuitions blend philosophical concepts with
their natural language counterparts.

The first author, Pérez-Escobar, and Sarikaya argue that in the specific
case of philosophy of mathematics, Kauppinen’s argument does not apply
directly since the philosophers are often not the most competent judges of
the concepts at hand [44]. The gap between the technical notion and its
natural language namesake becomes particularly large (cf. § I.2 for exam-
ples) and any empirical studies should be done with test subjects that are
competent in the technical use of the terms. In this case, these are in general
not the philosophers, but the mathematicians.

I.1.2 Naturalism.

In general, naturalistic positions in philosophy expect that scientific meth-
ods should play a significant role in philosophical methodology. Haug distin-
guishes between constructive naturalism and deflationary naturalism: con-
structive naturalism maintains a difference between philosophy and science,
whereas deflationary naturalism states that only philosophical questions an-
swerable by scientific methods are meaningful [29].

Deflationary naturalism is the most extreme version of empirical philos-
ophy: according to the deflationary naturalism, not only are empirical facts
relevant for philosophy but there is no meaningful philosophy that does not
use them.6

5As Mates famously said about the disagreement concerning the proper use of the
word “voluntary” between Austin and Ryle: “If agreement about usage cannot be reached
within so restricted a sample as the class of Oxford Professors of Philosophy, what are
the prospects when the sample is enlarged?” [56, p. 165].

6Haug classifies Rorty’s philosophy of language as an example of deflationary natu-
ralism [29, p. 9sq].



8 D. Kant & B. Löwe

An example of constructive naturalism closely related to philosophy of
mathematics is Maddy’s Second Philosophy [55]. She insists that traditional
philosophical questions are to be answered by philosophical arguments re-
lying on the most reliable methods (which, in her view, are scientific meth-
ods). This view fits with the observation mentioned in § I.1.1 that in the
case of technical concepts from the foundations of mathematics, developing
insight and intuition requires subject expertise. This means that both the
folk intuitions in the sense of experimental philosophy and the philosophers’
introspections are unlikely to yield relevant information. As a consequence,
information about these concepts needs to be collected from those who are
the most competent users of the concepts: in this case, the mathematicians.7

In this paper, we take a (constructively) naturalistic position and argue
for the possibility of empirical philosophy of mathematics on the basis of a
naturalistic meta-philosophy.

I.2 Setting the stage: philosophical concepts and the
sceptical position

The aim of Part I is to argue that empirical philosophy of mathematics is
an acceptable philosophical method at all; our guiding question therefore is:
Can any meaningful philosophical argument be made using empirical data
about mathematical practices?

For purposes of reference, we shall call the position that assumes that the
answer to our guiding question is ‘No’ the sceptical position: within the con-
fines of Part I, a sceptic is someone who doubts that empirical information
about mathematical practices is going to have any effect on philosophical
arguments or insights about mathematics. This is a radical rejection of em-
pirical philosophy of mathematics; cf. the beginning of § I.3 for a discussion
why we choose to argue against this position.

While we focus on philosophy of mathematics in this paper, the de-
bate between empirical philosophers and their opponents is not specifically
about philosophy of mathematics. Instead of asking “can any meaningful
philosophical argument be made using empirical data about mathematical
practices”, we can ask “can any meaningful philosophical argument be made
using empirical data about scientific practices”, or phrase this even more

7There is empirical evidence that discrepancies between the philosophical concept
and its natural language counterpart can be mitigated by training of the test subjects.
E.g., Rips observed that untrained subjects presented with the task of making identity
judgments produced an identity relation that is not transitive; interventions highlighting
the expected formal properties of identity relations changed the behaviour of the test
subjects considerably [68, § 5]. A similar phenomenon was observed in the second author’s
work on formalisation of narratives [18]. Specifically training test subjects in order to
generate judgments that fit with the technical framework comes with its own share of
methodological problems that we shall not go into in this paper.
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generally for any philosophy that makes use of empirical data about human
institutions and practices.

Most philosophical concepts such as “knowledge” and “justice” have
natural language counterparts that are used in quotidian speech, often with
meanings that only have tenuous links to the philosophical context. It is
reasonable to ask whether empirical information about the natural language
use of these terms allows us to make any philosophical conclusions about
the philosophical concept.

Note that in general, as mentioned in § I.1, as the philosophical con-
cepts become more technical, their link to the natural language counterpart
weakens. To take an example from philosophy of mathematics: while the
words “categorical” and “categoricity” are regular parts of the English vo-
cabulary, their natural language use has virtually nothing to do with their
technical meaning in the foundations of mathematics.8 This phenomenon
is particularly prevalent in mathematics where standard terms from ordi-
nary language are sometimes given technical meanings with no relation to
their ordinary meaning (e.g., “field”, “group”, or “ring”), but is not con-
fined to mathematical contexts; consider, e.g., the legal discussions about
the “ordinary meaning” of legal concepts [75].

In light of such egregious examples, it is tempting to resolve the conflict
between the philosophical concept and the natural language use of the term
by declaring this as an instance of equivocation: the philosophical concept
and the natural language concept share the same name, but have indepen-
dent semantic fields. If so, the study of the former does not necessarily yield
any insights for the latter and vice versa; such a separation of the concepts
could be used as support for the sceptical position.

Against that, we shall argue that, in line with Maddy’s Second Philoso-
phy, our naturalistic position does not accept such a complete dissociation
of the philosophical concepts from their empirical counterparts, in particu-
lar in cases where the philosophical concept was originally an abstraction of
a scientific concept used by non-philosophers. We believe that a successful
philosophical analysis of concepts of this nature must remain grounded in
the underlying scientific concept and its use by the experts.

I.3 A modest argument: empirical philosophy is
potentially useful.

In the following, we shall provide an argument against the sceptical position
on the basis of our described constructive naturalism.9 As mentioned, the
sceptical position is a radical rejection of empirical philosophy: it claims
that empirical data about mathematical practices cannot be useful in philo-

8A theory T is called categorical if all of its models are isomorphic.
9The argument is a specification of the one sketched in [50].
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sophical arguments at all. Since this is an extreme position, few authors will
profess or defend such a position in writing. Nevertheless, we believe that
it is not a straw man: we have encountered views very close to the sceptical
position in informal discussions after seminar talks or in anonymous referee
reports. Thus, we are convinced that the sceptical view is more efficacious
than its absence in the published literature suggests; as a consequence, we
believe that it is worthwhile to argue against it. Our argument will use the
method of mathematical philosophy.

I.3.1 A brief on mathematical philosophy.

Mathematical philosophy in the sense of [48] is the use of mathematical or
formal techniques within a philosophical argument. In the Tarskian tra-
dition [73], mathematical philosophy (of mathematics) has been prominent
and accepted within the community. A sister triptych on mathematical phi-
losophy, mirroring our tripartite paper in answering the Why?, Who?, and
How? questions for this method could be written and would be very wel-
come. However, we shall leave that methodological paper for other authors
to write; instead, we give a brief overview of the particular use of mathe-
matical philosophy that we employ in this paper: the use of the axiomatic
method.

The axiomatic method in mathematical philosophy derives from the use
of the axiomatic method in mathematics: when mathematicians are inter-
ested in a particular mathematical object, e.g., the real number line, they
can abstract from many of its relevant properties and focus only on some,
e.g., consider uncountable total orders with a dense countable subset. The
real number line is an uncountable total order with a dense countable subset,
but there are many such orders that are not isomorphic (or even elementar-
ily equivalent) to the real number line. If we prove that every uncountable
total order with a dense countable subset has property φ, we have estab-
lished φ for the real number line; furthermore, we have identified which
features of the real number line are salient for establishing φ.

Similarly, the axiomatic method in philosophy aims to provide an ab-
stract collection of simple axioms that allow us to prove theorems about all
structures satisfying them. Note that as in the case of mathematics, the
intention is not to give a description or complete characterisation of the
philosophical domain; instead, the aim is to find a very small collection of
axioms that arguably are reasonable to assume in the use case and imply
the desired philosophical consequence.

Thus, a mathematical philosophy argument for a philosophical state-
ment would consist of a formal language, a representation of the statement
in that formal language as a formula φ, a collection of basic axioms T that
are reasonable to assume in the philosophical context, and a proof that T
implies φ. We emphasise once more that T is not intended to be a com-
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plete description of the philosophical situation, just a collection of salient
properties that collectively are sufficient to guarantee that φ is derivable.

Similarly, a mathematical philosophy argument against a philosophical
statement could consist of a formal language, a representation of the state-
ment in that formal language as φ, a collection of basic axioms T that are
reasonable to assume in the philosophical context, an argument that ψ is
not reasonable to assume, and a proof that T implies φ → ψ. This is the
form of argument we shall be using.

I.3.2 Philosophical concept models.

Let L be a first-order language with three sorts of variables: a set of ob-
ject variables VO and two sets of concept variables VP and VE that we
shall call philosophical and empirical. A philosophical concept structure is
a triple C := (Ω,P,E) where Ω is an L-structure (i.e., a universe Ω to-
gether with interpretations of the constant, relation, and function symbols
occurring in L) and P : VP → ℘(Ω) and E : VE → ℘(Ω) are interpretations
of the two sorts of concept variables by subsets of Ω (i.e., the extensions
of the concepts). Let L2 be the second-order language extending L that
includes quantification over the two sets of concept variables and Sent2 be
the collection of L2-sentences. In the following, if φ,ψ ∈ Sent2, we say that
φ semantically entails ψ if for every philosophical concept structure C, if
C |= φ, then C |= ψ.

We call an L2-sentence empirical if it does not contain any philosophical
concept variables and abstract if it does not contain any empirical concept
variables. Let Φ be a subset of the abstract L2-sentences and call their
elements philosophical sentences. We call a formula a mixed implication if
it is of the form φ→ ψ where φ is empirical and ψ is philosophical.

Let (D,≤) be any partial preorder (i.e., ≤ is a reflexive and transitive
relation on D); we call the elements of D quality degrees. For each d ∈
D, we have modal operators □d

P, □d
E, and □d

PE representing “there is a
philosophical argument of quality d”, “there is empirical evidence of quality
d”, and “there is a combination of philosophical arguments and empirical
evidence of quality d”, respectively.

A collection of sets of L2-sentences m := {md
P ; d ∈ D} ∪ {md

E ; d ∈
D}∪{md

PE ; d ∈ D} is called a quality assignment if md
P,m

d
E,m

d
PE ⊆ Sent2

and the following two statements hold.

If φ semantically entails ψ and φ ∈ md
P, then ψ ∈ md

P. (MQA1)

If φ→ ψ ∈ md0

P , φ ∈ md1

E , and d ≤ d0, d1, then ψ ∈ md
PE. (MQA2)
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We define the semantics of modal statements as follows:

C,m |= □d
Pφ ⇐⇒ φ ∈ md

P,

C,m |= □d
Eφ ⇐⇒ φ ∈ md

E and

C,m |= □d
PEφ ⇐⇒ φ ∈ md

PE.

We emphasise that, as discussed in our brief on mathematical philoso-
phy, this formal specification is not intended to be a(n even remotely) com-
plete description of philosophical argumentation: many reasonable proper-
ties that could be expected are missing; e.g., the analogue of (MQA1) for
md

E. In the spirit of the axiomatic method, we have listed in our axiomatic
framework only what is necessary to support our argument.

I.3.3 No empirical philosophy and disconnected philosophy.

We can now formulate the extreme position that empirical information has
no effect on philosophical arguments in our formal language. A philosophical
concept model with quality assignment (C,m) has no empirical philosophy
if

whenever ψ is philosophical andC,m |= □d
PEψ, thenC,m |=

□d
Pψ.

(NEP)

We say that (C,m) has disconnected philosophy if

whenever φ→ ψ is a mixed implication, d ≤ e, and C,m |=
□e

Eφ, then C,m |= □d
P(φ→ ψ) if and only if C,m |= □d

Pψ.
(DP)

The principle (NEP) states that whenever we have an argument for a
philosophical statement that uses a mixture of philosophical and empirical
methods, then we find an equally good purely philosophical argument, i.e.,
the use of empirical methods does not result in any improvement.

The principle (DP) states that no degree of empirical certainty about any
empirical sentence will ever have any effect on our philosophical convictions.

In the following, we shall show that (DP) is undesirable or unreasonable
and that (NEP) implies (DP). This concludes the argument as outlined in
§ I.3.1.

I.3.4 Disconnected philosophy is in conflict with naturalistic
principles.

Our argument against (DP) will be given in the form of a thought experi-
ment. Instead of using actual mathematical and philosophical concepts, we
shall use a fictitious concept in order to highlight the abstract nature of the
argument.

Suppose that there is a property of mathematical proofs called zabu-
reness that mathematicians have used for an extended period of time.
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Some proofs are zabure, others are not. There is no formal definition of
zabureness and there is substantial disagreement about individual zabu-
reness judgments: mathematicians disagree about whether a given proof
is zabure, and depending on the native language of the mathematician and
even the mathematical subarea, there is a great deal of variation in opinions
about zabureness. Nevertheless, zabureness has importance and relevance
in mathematics: it can be used to make predictions and conjectures.

Suppose furthermore that philosophers are very interested in the con-
cept of zabureness. Philosophers consider a concept of idealised zabureness,
derived from the concrete concept as used by mathematicians in their nat-
ural language discussions, and publish philosophical papers about it. Some
philosophers believe that in spite of the instability of zabureness judgments
of mathematicians, idealised zabureness is an objective property of proofs;
this position is known as idealised zabureness objectivism. Papers and books
have been written by the idealised zabureness objectivists, providing philo-
sophical arguments for their position.

Finally, suppose that there is a group of cognitive psychologists who
got interested in the notion of zabureness, motivated by something entirely
independent of the philosophical discussion. They develop an empirical
questionnaire-based technique to determine agreement of zabureness opin-
ions independent of utterances of test subjects. When they collect large
amounts of data from research mathematicians, it turns out that the zabu-
reness opinions are far more uniform than originally thought and show no
variance between speakers of different languages or members of different
mathematical subareas. Their findings are replicated many times and are
accepted as robust. The findings come as a great surprise to mathematicians
and philosophers alike.

Consider the mixed implication “if there is robustness of zabureness
opinions across languages and subareas, then idealised zabureness objec-
tivism holds”. Since we have a high degree of empirical justification of
the empirical antecedent, (DP) implies that any philosophical argument
for this mixed implication will be as good as a philosophical argument for
idealised zabureness objectivism itself. While this is not a position that
is outright inconsistent, it is in conflict with our naturalistic philosophi-
cal position: since idealised zabureness was derived from the actual concept
that mathematicians used, surprising facts about the empirical counterparts
should be relevant. The principle (DP) would mean that the link between
zabureness and idealised zabureness has been severed and nothing that we
learn about the empirical counterpart will inform philosophical arguments
about the idealised concept. The fact that the cognitive psychologists and
the philosophers use the same word “zabureness” turns out to be merely
an equivocation. As mentioned, in the naturalistic setting, this would be
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highly undesirable for philosophical concepts that are derived from concepts
originating in mathematical practice; as a consequence, we reject (DP) as
unreasonable.

We should like to add that the example in the thought experiment was
deliberately chosen to be similar to what we shall describe in Part III as suc-
cessful examples of empirical philosophy of mathematics where the empirical
work comes from the empirical social sciences [43]. For readers of the arm-
chair persuasion, we should like to add that an empirical statement about
the world with the empirical test subjects restricted to “the class of Oxford
Professors of Philosophy” (cf. Footnote 5) is also an empirical sentence that
could be used to form philosophically relevant mixed implications.

I.3.5 No empirical philosophy implies disconnected philosophy.

We can now finally get to the core of the mathematical philosophy argument
and prove the following proposition.

Proposition. (NEP) implies (DP).

Proof. Fix a mixed implication φ → ψ and e ∈ D such that C,m |= □e
Eφ.

Let d ≤ e; we need to show that □d
P(φ→ ψ) if and only if □d

Pψ.
Clearly, ψ semantically entails φ→ ψ, so (MQA1) provides the right to

left direction. For the other direction, assume □d
P(φ→ ψ) and □e

Eφ. Since
d ≤ e, (MQA2) yields □d

PEψ. But now (NEP) provides □d
Pψ. q.e.d.

I.4 Summary of Part I

In § I.1, we said “it is tempting to resolve the conflict between the philo-
sophical concept and the natural language use of the term by declaring this
as an instance of equivocation”. The argument given in § I.3 suggests that
there is a dichotomy here: we either accept the possibility of empirical phi-
losophy or need to subscribe to that dissociative resolution by severing the
link between the philosophical concept and its natural language counterpart
(“disconnected philosophy”).

We believe that the latter meta-philosophical position is undesirable, in
particular in a setting where the introspective intuitions of the philosophers
are a less reliable source of information than the competent use of the termi-
nology by the scientific experts (to which we would have access by empirical
means).

As mentioned, this is a very modest conclusion: even if we reject the
meta-philosophical position, it only gives us the possibility of empirical phi-
losophy ; it does not tell us anything about how useful empirical philosophy
is: it could turn out that empirical philosophy is useful, but its benefit is
so small that it does not warrant the effort of engaging in it. This remark
raises an important pragmatic concern: how much effort is engaging in em-
pirical philosophy of mathematics? In Parts II & III of the triptych, we
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shall further explore this concern: Part II discusses who needs to collect the
empirical data for empirical philosophy of mathematics (a crucial question
in order to determine how much effort it is going to be); Part III outlines
the steps of the process of empirical philosophy of mathematics by following
an illustrative example.
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Part II: Who?

In Part II, we shall assume that we have convinced the reader in Part I
that empirical facts about mathematical practices are philosophically rel-
evant and discuss how to obtain these empirical facts: in particular, we
wonder who is responsible for providing the empirical data for this endeav-
our. We shall argue that the philosophers of mathematics will have to play
an active part in the empirical research themselves.

II.1 Empirical data about the natural world vs.
empirical data about human practices.

Once more, we remind the reader that empirical philosophy of mathemat-
ics is philosophy of mathematics whose philosophical arguments make use
of empirical data about mathematical practices. In the introduction, we
highlighted the difference between using empirical data about the physical
world and using empirical data about human institutions, concepts, and
activities.

When philosophers (of science) use empirical data about the physical
world, they are usually not involved in the empirical work themselves;
rather, they rely on empirical research done by scientists independently
of the philosophical debates.

We give a number of examples: Firstly, the rich philosophical litera-
ture connecting the question of the existence of free will to findings in the
neurosciences (cf. [63]) relies on the work by many social and cognitive
psychologists such as Libet’s seminal work on Bereitschaftspotential [49]
that was done without active involvement of professional philosophers. In
the philosophy of mind, discussions about the unity of consciousness, e.g.,
Parfit’s thought experiments on split brains [64], use empirical facts about
neurosurgical split-brain procedures which were originally developed in the
1930s, long before philosophers started to think about these problems.10

Finally, in the philosophy of physics, an extensive literature on philosoph-
ical issues concerning quantum mechanics exists [60, 77], most of which is
relying on experimental findings of physicists that were done independently
of philosophers’ work.

We should emphasise that we do not wish to interpret the term “indepen-
dently” too strictly in this description: notions such as free will, conscious-
ness, personal identity, and the nature of physical reality are philosophical
concepts of wider interest to a community extending well beyond the world
of academic philosophy, including the scientists who did the empirical work
in our examples. As a consequence, it is only natural that the scientists

10Cf. [57, Footnote 18] for a discussion of “medically informed [philosophical] publica-
tions”.
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were influenced by their own philosophical views as well as the history of
philosophical discussions about the notions. Given our academic practices,
it is not unlikely that these scientists interacted with philosophers on fund-
ing panels, university committees, in academies, at interdisciplinary confer-
ences, or within the collegiate university, and therefore had the chance to
exchange thoughts with philosophers about the philosophical consequences
of their work.

However, the causal and temporal relationship in these cases is clear: the
scientists did the empirical work without the immediate or primary intention
to contribute to the philosophical debate and they did it prior to the active
debate in the philosophical literature. To consider the example of Parfit’s
split brain thought experiment: the brain procedures of commissurotomy
and corpus callosotomy were first used in the 1930s and 1940s with purely
therapeutic intentions (avoiding the spread of an epileptic seizure to spread
from one brain hemisphere to the other), long before Parfit came up with
his thought experiment in the 1970s.

II.2 Operationalisation

In order to discuss the question Who?, we shall use a particular empiri-
cal statement about mathematical practice as a running example that will
inform our discussion.

Given a sufficient amount of time and effort, any two math-
ematicians will be able to agree on whether a proof in their
joint area of expertise is correct and complete.

(Φ1)

This statement is commonly used in philosophical debates about the spe-
cial epistemic status of mathematics11 and it has been the focus of empirical
testing in a series of papers.12

This empirical sentence contains several terms that need to be specified
before it can be empirically tested, corroborated, or refuted. The concepts
“mathematician”, “agreement”, “area of expertise”, and “sufficient amount
of time” require operationalisation to determine whether a particular data
point is a positive or negative case for (Φ1). E.g., we need a clear empirical
condition for whether a test subject is a mathematician, whether a particular
proof falls into their area of expertise, and whether the observed behaviour
of two mathematicians constitutes agreement.

Note that the necessity of operationalisation is not a special feature of
empirical sentences in the social sciences; it is also required for sentences

11For a general introduction into the discussion of the special epistemic status of math-
ematics, cf. [65, 66] and [53, § 1.1, in particular Footnote 4].

12Cf. [37, 81, 80] and the discussion in [52, pp. 28–29].
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in the natural sciences. Consider the following natural science sentence
structurally analogous to (Φ1).

Given a sufficiently high increase in temperature, any sub-
stance in liquid state will go into the gaseous state.

(Φ2)

The sentence (Φ2) contains natural language terms such as “liquid state”,
“gaseous state”, and “sufficiently high temperature” that need to be opera-
tionalised in order for any experiment to serve as a corroboration or refuta-
tion of (Φ2). While the natural language terms in (Φ2) are not precise, there
are natural interpretations for them that are uniformly accepted meanings
for the concepts, except in cases specifically designed to test the limits of
our definitions.

In contrast, for concepts dealing with human institutions and practices,
there is very little intersubjective standardisation. E.g., there are many
different operationalisations of the term “mathematician” that are all emi-
nently reasonable. To give a few examples:

M1 A person who holds a higher education degree in mathematics.

M2 A person who has had research experience in mathematics in the past,
as witnessed by at least one research publication.

M3 A person who is currently employed to do mathematical research.

Clearly, M1, M2, andM3 do not describe the same group of people; in fact,
for any two of them, it is easy to find a person who belongs to the former,
but not the latter and vice versa. The differences are large enough that the
status of (Φ1) is likely to depend heavily on which of the operationalisations
we choose.

At the same time, for each of the three operationalisations, it is easy to
think of contexts in which it is a reasonable operationalisation of the term
“mathematician”. So, how do we pick the right one?

We shall tackle this question in § II.3; before we do so, we should like to
make two highly relevant methodological remarks:

First we observe that the level of specificity of our operationalisations
provided is not sufficient for actual decisions: taking M1 as an example,
someone who holds a degree called Bachelor of Science in Mathematics
clearly falls under M1, but what about a degree in “Business Mathemat-
ics” or “Mathematical Physics” of “Statistics”? In the North American
university system, do only graduates who majored in mathematics count,
or also those who minored? If the degree is in a language other than English,
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should we look for degrees that have the dictionary translation of “mathe-
matics” in their name?13 Details like these have haunted empirical projects
doing analyses of mathematics graduates and their career trajectories such
as the Pipeline Project of the International Mathematical Union as it is not
clear whether national statistics of people falling under M1 from different
countries measure the same thing [5, 17].

Furthermore, the choice of operationalisation does not just affect the in-
terpretation of the data, but can influence the data itself. Suppose that we
are collecting data to test (Φ1) and conduct a study with test subjects. For
each data point, we need to decide whether (according to our chosen opera-
tionalisation) the two individuals involved were mathematicians, the result
fell into their area of expertise, and whether they agreed on correctness and
completeness after an appropriately long period of discussion. Typically,
some of these decisions will be based on asking the test subjects a number
of relevant questions. But questions about their status as researcher and
area of expertise may very well have an effect on their later behaviour in
the experiment and therefore change the actual data.

II.3 Adequacy of operationalisations

We have now seen that an empirical statement about mathematical prac-
tices such as (Φ1) is not testable per se, but requires operationalisation;
furthermore, the operationalisation is not unique and the choice of the op-
erationalisation affects the result of the test. How does the empirical re-
searcher decide which operationalisation to use?

In the empirical social sciences, we need to return to the original research
intention: the research project that prompted us to ask the empirical ques-
tion (Φ1) had some goal; each of the operationalisations will produce false
positives and false negatives with respect to our expectation.14 Whether
these false positives and false negatives created by our choice of opera-
tionalisation jeopardise our study depends, among other things, on whether
the existence of these discrepancies is in conflict with the original intention
of the research project. Similarly, at the end of § II.2, we mentioned that in
practice, getting the information needed for interpreting the data may affect

13To illustrate the issue underlying the last question, note that “science” is the dictio-
nary translation of the German word “Wissenschaft” (or the Dutch word “wetenschap”),
but the disciplines that fall under the heading “Wissenschaft” are not the same as the
disciplines that fall under the heading “science” and English does not even have a concise
term that would describe the scope of the German term “Wissenschaft”.

14E.g., a mathematics professor who has a degree in English literature and therefore
does not meet the requirements of M1, a very prolific and eccentric mathematical re-
searcher who has never published and therefore does not meet the requirements of M2,
a historian who was hired by a mathematics department and whose contract by admin-
istrative default mentions the phrase “mathematical research” placing them within the
scope of M3, even though they are not expected to do mathematical research.
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the data; again, whether we are worried by these effects in the experimental
set-up can only be determined with the original research intention in mind.

To illustrate this with a medical example: suppose we have a viral test
and a test population in which some test subjects are infected with the virus
and others are not. We try to determine how good our test is; whether we
are more worried about false negatives or false positives depends on the
context. If the virus is deadly and there is a cheap drug with no side effects,
we should like to have no false negatives and do not mind administering the
drug to some people who are not infected; in contrast, if the virus is not
particularly dangerous and the drug is outrageously expensive or has major
side effects, we should aim to avoid false positives. The design decisions
made as part of the experimental methodology must and will reflect this.

In the natural sciences, the difference between acceptable operationali-
sations tends to be much lower than in the social sciences, and we often find
that methodologies are largely independent from the research intentions.
This higher degree of intersubjective stability means that empirical results
can be used as evidence for different research projects; this is the situation
found in the examples of philosophy using empirical data from the natural
sciences in § II.1.

That is not equally true in the social sciences: an experiment done within
a particular framework has incorporated research design decisions based
on the research intention of the original empirical researcher which may
be incompatible with the research intention of a different researcher who
wishes to use these results later. An example of this issue is highlighted
in the literature by the meta-discussion about psychological experiments
in economics and psychology: experiments in economics routinely identify
payoffs in decision situations with financial incentives; that identification is
not done in experiments performed by psychologists, even if dealing with
very similar research questions.15

We make no claims about a general structural difference between the
natural and the social sciences: in fact, variations in operationalisation and
design decisions based on research intentions exist in the natural sciences as
well as in the social sciences. However, we claim that the degrees of variance
and dependency are considerably higher in the social sciences than they are

15Cf. [9, 4, 78]. Hertwig and Ortmann explicitly discuss this: “Empirical tests of
theories depend crucially on the methodological decisions researchers make in designing
and implementing the test. (p. 383) ... [E]xperimental economics and corresponding areas
in psychology (in particular, behavioral decision making) have very different conceptions
of good experimentation. (p. 384) ... [T]he most important argument motivating financial
incentives, is that most economics experiments test economic theory, which provides a
comparatively unified framework built on maximization assumptions (of utility, profit,
revenue, etc.) and defines standards of optimal behavior. Thus, economic theory lends
itself to straightforward translations into experiments employing financial incentives. ...
Psychologists typically do not rely on a similarly unified theoretical framework that can
be easily translated into experimental design. (p. 390)” [31]
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in the natural science.16 This phenomenon will play an important role in
our argument in § II.4.

II.4 The sartorial metaphor

In [51], the second author introduced a sartorial metaphor for the uses of
empirical data in philosophy. The empirical work in philosophy as men-
tioned in § II.1 is described as

using empirical data like ready-to-wear or off-the-rack clothes, pro-
vided on the shelves and racks of a store with no direct input by the
customer expressing his or her preferences of clothing style or fit; on
the other end of the spectrum, one would have the bespoke experience
where the customer can determine every detail of the garment and
the garment is then tailored exactly to the specifications of the cus-
tomer and made to fit his or her body perfectly. Those who have the
appropriate skills could even become the tailors themselves, getting
rid of any need to communicate wishes and desires. Bespoke empir-
ical philosophy would be a project in which the philosopher works
very closely with the empirical scientist and designs an experiment or
other observational activity jointly with her or him; the extreme case
of bespoke would be do-it-yourself where the philosopher becomes
an empirical scientist and does the empirical work herself or him-
self. Of course, the more extravagant and non-standard your desires
and wishes with respect to your clothes are, the less likely it is that
you will find these off the rack and you might have to move towards
bespoke tailoring. [51, p. 36]

As was argued in [51], the easiest approach for the empirical philosopher
interested in an empirical statement such as (Φ1) is to search the library
for empirical studies that provide answers to (Φ1) that have already been
provided by empirical researchers, i.e., off-the-rack empirical philosophy.17

If these studies do not exist (yet), they can either approach empirical re-
searchers and ask them whether they would like to do these studies for the
philosophers (“bespoke”) or do the studies themselves (“do-it-yourself ”).

16We cannot back our claim up with numerical data: doing so would be an interesting
research question for a methodologist of science or a philosopher of social sciences.

17This approach avoids a situation where the philosopher has to do empirical work
themselves, reducing both the involved effort and also the risk of inadequate empirical
data, as pointed out in [51, p. 37]: “[I]f you find a high-quality garment off the rack that
fits you very well, it may be considerable better than a bespoke garment from a mediocre
tailor or (in the case of most of us with no expertise in tailoring) a garment that you made
yourself. Similarly, in empirical philosophy, there are advantages and disadvantages to
both ready-to-wear and bespoke approaches. In the first instance, philosophers are not
empirical scientists, so do-it-yourself empirical philosophy requires that the philosopher
acquire the skills and learn the techniques of another discipline, wasting time and en-
ergy that could be spent on something that they are more qualified for (such as doing
philosophy) and possibly even leading to sub-standard or flawed empirical work.”
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For empirical philosophy of mathematics, we first observe that empir-
ical data about mathematical research practices is rare: while the area of
Science and Technology Studies developed in the 1970s and 1980s provided
empirical data about research practices in the natural and technological sci-
ences, mathematics has been considered by this community only rarely. In
the main monograph on the sociology of mathematics [30], Heintz comments
“[d]ie Soziologie [begegnet] der Mathematik mit einer eigentümlichen Mis-
chung aus Devotion und Desinteresse” (p. 9); after Heintz’s seminal book
came out, a number of papers have been published,18 but compared to the
sociology of other sciences, the literature is still very sparse. The literature
of cognitive science and psychology on number cognition is very rich,19 but
relatively few cognitive scientists deal with research practices in mathemat-
ics.20

However, the discussion in § II.3 shows that the problem is not merely
the dearth of sociological and cognitive science studies dealing with ques-
tions such as (Φ1): even if they existed, the sociologists’ and cognitive scien-
tists’ choice of operationalisation (and therefore methodology of collecting
the data) would have been based on their research intentions and conse-
quently unlikely to give the empirical philosopher precisely what they need
for their philosophical argument. This combination of the general lack of
empirical research about mathematical research practices and the close re-
lationship of the small number of existing results with the research intention
of the original author means that any successful use of off-the-rack empir-
ical data in empirical philosophy of mathematics would be a serendipitous
exception to the rule.

Without overstretching the metaphor, we can say that in tailoring as
well as in empirical philosophy, there is a spectrum between ready-to-wear
and bespoke. Not every problem with style or fit or every desirable detail
that cannot be found in off-the-rack clothes requires a fully bespoke order.
A more affordable option is alterations, either done by an alterations tailor
or the customer themselves. Letting out or taking in, changing a button, or
adding simple design features can be done with a substantially lower degree
of tailoring expertise than required for full do-it-yourself tailoring. Simi-
larly, not every study used in empirical philosophy of mathematics needs to
be designed from scratch; instead, the literature can provide studies that
would be useful after alterations: e.g., a sociological study of a different
discipline can be modified and replicated for the case of mathematics. We
believe that the future of empirical philosophy of mathematics lies in col-

18Cf., e.g., [54, 23, 69, 27, 28, 24, 25, 26].
19Cf., e.g., [2, 8, 14, 15, 21, 47, 62].
20A notable exception is the work by Matthew Inglis and his collaborators, including a

number of empirical philosophers of mathematics; cf. [32, 33, 34, 35, 36, 58, 70] and also
the references in Footnote 12.
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laborations between philosophers and empirical researchers as well as the
acquisition of enough empirical research skills by the philosophers to do the
necessary alterations required to adapt and perform existing studies to the
philosophical context.

II.5 Summary of Part II

We have argued that in the particular case of empirical philosophy of math-
ematics, off-the-rack empirical data is hard to find. This means that empir-
ical philosophers of mathematics will either need to request bespoke studies
from empirical scientists or do their own empirical work.

Contractual research is common in the applied sciences; it is the model
closest to bespoke tailoring in our sartorial metaphor: a research team that
lacks expertise for doing some particular task hires another research team
to perform that task for them. However, empirical studies cost time and
money and it is unlikely that philosophers, in particular philosophers of
mathematics, have the financial means to afford paying empirical scientists
to do specific research tasks for them.

As a consequence, bespoke empirical philosophy of mathematics is more
likely to consist of collaborations where philosophers and empirical scien-
tists work together on a project and become co-authors of the resulting
publications. This also comes at a cost: in order to convince the empirical
researcher to join the project, the research questions have to be of interest
to them and therefore might require some modification in the form of com-
promises. Furthermore, the philosophers have to become familiar enough
with the methods of empirical research to contribute to the methodological
decisions and whether they are in line with the original research intention.

If the empirical philosopher cannot find empirical scientists to collab-
orate with or their expectations of compromise are not acceptable to the
philosopher, the philosopher will have to become an empirical researcher
herself, either by altering studies from the social science literature or by de-
signing new studies. As a consequence, the answer to our question “Who
should provide the empirical data for empirical philosophy of mathemat-
ics?” is that the philosophers have to be actively involved in the collection
of empirical data.21

By and large, philosophers are not trained for this and training a new
generation of empirical philosophers of mathematics to have the expertise
to either contribute to or even lead empirical research is a major additional
effort that is necessary to do empirical philosophy of mathematics success-
fully. The CIPSH Chair DMRCP aims to play its role in this effort by
coordinating training activities for junior researchers in the field. We shall

21An example is provided by the first author’s interview study on the notion of natu-
rality of axioms in [40].
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delve into the details of this work by following an example of good practice
in Part III.
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Part III: How?

In Part III, we shall give an account of the practical details of how
empirical philosophy of mathematics is done and what the active role of the
philosopher is.

III.1 Disclaimer: is empirical philosophy of
mathematics worth the effort?

Part I argued that empirical philosophy of mathematics is useful, but left
open how useful it is; Part II showed that empirical philosophy of math-
ematics is a considerable effort and this will also be apparent from our
description of the active role of the philosopher in this final part.

We shall not address the question of whether the results of empirical
philosophy of mathematics are worth the effort. A reason for this is that we
believe that the proof of the pudding is in the eating: successful empirical
philosophy of mathematics will provide evidence for the claim that empirical
philosophy of mathematics is worthwhile. Some examples were discussed
in [52, § 7]: the study of formalisability by Müller-Hill as a criterion for
mathematical knowledge [59], the work on whether mathematicians agree
about proof correctness judgments mentioned in Footnote 12, and the work
on proof correctness and the mathematical peer review process in [20]. Also,
we consider our running example in this part (cf. § III.3) to be another piece
of evidence for the value of empirical philosophy of mathematics.

III.2 Setting the stage: philosophical statements and
their empirical counterparts

We remind the reader of our set-up in § I.2: we distinguished between philo-
sophical concepts and empirical concepts. Many philosophical concepts have
(not necessarily unique) empirical counterparts and natural language often
utilises the same words for these: “beauty”, “justice”, and “knowledge”
are ordinary language words that can refer to the philosophical concepts of
beauty, justice and knowledge in philosophical contexts, but have a plethora
of meanings in ordinary language as well. In our formal setting of philo-
sophical concept models (§ I.3.2), we had two types of variables, philosoph-
ical concept variables and empirical concept variables that would refer to
philosophical and empirical concepts. A sentence was called empirical if
it does not contain any philosophical concept variables and abstract if it
does not contain any empirical concept variables; a designated subset of
the abstract sentences were called philosophical. If we take a philosophical
sentence whose philosophical concept variables have empirical counterparts
and replace each philosophical concept variable with one of these empirical
counterparts, we obtain an empirical sentence that is a counterpart of the
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original philosophical sentence. As mentioned, we argued in Part I that the
assumption that we cannot learn anything about the philosophical sentence
from its empirical counterparts is meta-philosophically undesirable. On the
basis of this set-up, empirical philosophy consists of

(a) starting from the desire to learn something about a given philosophical
sentence,

(b) translating it into one or several of its empirical counterparts,

(c) making these sufficiently precise to do empirical research on them
(“operationalisation”),

(d) doing empirical research on these corresponding empirical statements,

(e) and then returning to the philosophical sentence and identifying what
we learned from our empirical research.

As we already pointed out in Part II, steps (a) to (e) are closely interre-
lated and cannot be entirely separated (§§ II.2 & II.3). Of these steps, (a)
and (e) are philosophical steps and the translation steps (b), (c), and (d)
concern the translation of the philosophical sentence or question into empir-
ical research; we shall focus on the translation steps in this paper since they
constitute the philosophers’ active engagement with empirical research.

Given a fixed philosophical sentence or question, the translation steps
are by no means uniquely determined. As mentioned, every philosophi-
cal concept occurring in our question may have a multiplicity of empirical
counterparts, and so there are many empirical counterparts to our original
philosophical sentence or question. Furthermore, empirical statements are
often not precise enough to allow concrete empirical work on them; they
need to be operationalised. Again, for each empirical sentence, there may
be several different operationalisations.

The choices made in steps (b) and (c) have an effect on the empiri-
cal methods that can reasonably be used in step (d): different empirical
research questions will require different empirical methods (possibly from
different disciplines ranging from anthropology and sociology over history
and psychology to cognitive science and neuroscience). Finally, in step (d),
we need to decide on our sample of test subjects appropriate for the empir-
ical research question. We list the relevant design components as

Component 1: the research question,
Component 2: the research method,
Component 3: the operationalisation, and
Component 4: the sample of test subjects.

In this paper, we shall discuss these four components and the ways in
which they are interrelated; we shall emphasise how our choices as well as
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our practical constraints may force us to return to previous design choices
and possibly revise them, resulting in the spiral design structure that is
characteristic of hermeutic circles and was introduced as the spiral curricu-
lum in the theory of education by Bruner [7]. We refer to this process
as informed empirical research design where design choices are reflected
upon and justified with practical constraints and the original research aim
in mind. Concerning the mentioned practical constraints, we shall keep in
mind that Part II of this triptych established that the philosophers will be
responsible for a substantial part of the empirical work themselves and that
comes at a cost: both a cost in time and effort for the philosopher who
has to learn research techniques from other disciplines and a cost in quality
as the empirical research is done by someone with limited experience and
expertise. These two caveats will inform the research design in many of the
decision steps.

III.3 A running example

In the following section, we shall go through a typical case of the design
decisions that the empirical philosopher of mathematics has to make with
respect to our four components: research question, research method, op-
erationalisation, and test subjects.22 For illustrative purposes, we shall do
this in the context of the work by Inglis and Aberdein who did an em-
pirical study of whether beauty is the same as simplicity in mathematics
[32]. They show that equating mathematical beauty or elegance with sim-
plicity or brevity is very common among mathematicians and philosophers
of mathematics alike (pp. 89–90), present a number of alternative views
(pp. 90–92), and then report on an empirical study in which they asked
mathematicians to assign adjectives to proofs and analysed the resulting
data via an exploratory factor analysis (pp. 96–100). They conclude:

[T]he classical idea that mathematical proofs tend to be regarded
as beautiful if they are simple has been supported by many notable
mathematicians and philosophers. ... We found no evidence for this
view. Neither ‘beautiful’ or ‘elegant’ were strongly correlated with
‘simple’. ... It seems either that claims made by mathematicians and
philosophers ... are simply incorrect, or that when the words ‘sim-
ple’ and ‘beautiful’ are used by philosophers to discuss mathematical
practice, they are being used in a substantially different way to how
practising mathematicians use the terms. [32, p. 101]

We consider their study to be a paradigmatic example of empirical philoso-
phy of mathematics and it is possible to highlight the four components with
this example in mind, as we shall do in the following section.

22Additional examples are discussed by the second author and Van Kerkhove in [52];
cf. also the beginning of this part where we give references to the examples given in that
paper.
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III.4 The four components in our example

III.4.1 Component 1: The research question

We start with our philosophical question from step (a) and translate this into
an empirical question in step (b). It is not guaranteed that a given philo-
sophical question simply allows us to find empirical counterparts that give
rise to an empirical research question. Some philosophical concepts lack nat-
ural language counterparts, e.g, because they are too intricately connected
to particular philosophical theories such as the Aristotelian metaphysical
terms entelechy (ἐντελέχεια) and essence or ousia (οὐσία), because they
are technical terms created for philosophical discussions such as solipsism
and emotivism, or because they were created in the continental tradition of
playing with invented words such as the Heideggerian terms Geworfenheit
or Zuhandenheit.

Even if the philosophical question has a natural language counterpart,
it is not guaranteed that it can be addressed by empirical means. The
paradigmatic example is the question “What is it like to be a bat?” famously
asked by Nagel [61]: the question makes perfect sense as a natural language
sentence and does not require any philosophical training to be understood;
but, as Nagel argued, it cannot be answered by empirical means.

In our example study, the original philosophical research question is
Φ := “Is mathematical beauty simplicity?”. This question, as happens quite
frequently in philosophy, refers to abstract concepts and asks about their
properties. Questions of this type do not usually occur in natural language.
It is tempting to consider it equivalent to Φ′ := “Is a mathematical entity
beautiful if and only if it is simple?”; however, that is not quite the same
philosophical question, but rather a transformation of the original question
about abstract entities into a question about properties to mathematical
entities.23 But even Φ′ is still far too broad for an empirical approach, as
it does not limit the scope of “mathematical entities”. Inglis and Aberdein
therefore restrict further to particular mathematical entities, viz. proofs (cf.
the discussion of an alternative choice at the end of § III.4.3).

Furthermore, the absoluteness of typical philosophical questions is not
shared by questions in ordinary language: empirical concepts are never out-
right equivalent. Applying the typical absoluteness of philosophical ques-
tions (reminiscent of mathematical questions that do not allow for coun-
terexamples either), empirical philosophy of mathematics would merely con-
sist of refutations: independently of the answer to our empirical question,
there will always be some mathematician who calls a technical and complex
proof “beautiful” and someone who calls a two-line argument “ugly”.

23One could call Φ′ the extensional translation of Φ, i.e., if we identify abstract concepts
with their extensions, Φ and Φ′ have the same meaning.
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Inglis and Aberdein rephrase their research question in preparation for
their empirical work as follows.

Our goal in this paper is to investigate directly the dimensions along
which mathematical proofs are typically evaluated. ... On how many
dimensions do assessments of mathematical proofs vary? And does
the answer to this question offer insights into the nature of mathe-
matical beauty? [32, p. 92]

Rephrasing their formulation slightly, we obtain the empirical research ques-
tion Ψ := “What is the correlation between the use of descriptions ‘beauti-
ful’ and ‘simple’ for mathematical proofs by mathematicians?”.

As pointed out, this choice of Ψ was not unique: different research ques-
tions could have been chosen and could be chosen in the future by other
empirical philosophers. If and when this is done, it allows the research
community to consider the original philosophical question Φ from differ-
ent angles and obtain a better understanding of the empirical answers (a
meta-technique known as “triangulation”; cf. § III.5).

III.4.2 Component 2: The research method

As mentioned, the empirical methods used can come from many disciplines,
not necessarily all from the social sciences (e.g., we include historical meth-
ods among the empirical research methods for our purposes). Even focusing
on the empirical social sciences, many different qualitative and quantitative
research methods are available [74]. Not every empirical question can be
tackled by all methods, so our research question will determine a selection
of possible research methods; however, usually multiple methods and tech-
niques remain that could be used and therefore the empirical philosopher
of mathematics will need to do another crucial design choice: the choice of
research method.

This is where our practical concerns become relevant for the first time:
since the empirical philosophers of mathematics are not trained in every
empirical research method, some methods will be more readily available to
them than others. Knowledge of new methods can be acquired, but time
and energy are finite, and the practical constraints will drive the empirical
philosophers of mathematics towards known and mastered methods.

This means that if the empirical research question requires or strongly
suggests the use of methods other than those, the empirical philosophers of
mathematics might have to return to step (b) and re-translate the philosoph-
ical question Φ into a different empirical counterpart that can be tackled
with methods they know well.

In our running example, Inglis and Aberdein decided to investigate
the ascriptions of properties to proofs by a factor analysis: a quantitative
method that investigates the correlation of several factors and categorises
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them into a small number of clusters [32, § 5.1]. The empirical research
question Ψ can now be answered by determining whether the adjectives
“beautiful” and “simple” belong to the same cluster in this analysis.

As in the case of Component 1, this choice is not unique and Inglis and
Aberdein could have used other methods (e.g., an interview study). We
shall come back to the use of different methods for our concrete question Ψ
when we discuss Component 3.

III.4.3 Component 3: The operationalisation

We already discussed the need for operationalisation in § II.2 where we
considered the empirical statement Φ1 := “Given a sufficient amount of
time and effort, any two mathematicians will be able to agree on whether
a proof in their joint area of expertise is correct and complete”, which is
roughly at the same level of resolution as our Ψ. We highlighted that natural
language terms such as “mathematician”, “agree”, and “area of expertise”
will need to be operationalised.

Similarly, for our empirical sentence Ψ, we need to operationalise “math-
ematician” and “description”. Inglis and Aberdein operationalised “mathe-
matician” as doctoral students, postdoctoral researchers, or members of aca-
demic staff in mathematics departments with graduate programmes ranked
by U.S. News & World Report [32, § 4.1&4.2] and “description” as follows.

[W]e formed a list of eighty adjectives that we conjectured may be
used by mathematicians to describe the traits of mathematical proofs.
... [W]e adopted a web-based approach. ... [P]articipants were given
the following instructions: “Please think of a particular proof in a
paper or book which you have recently refereed or read. Keeping this
specific proof in mind, please use the rating scale below to describe
how accurately each word in the table below describes the proof.”
[32, pp. 94&95; boldface font in the original]

Obviously, these choices were not unique. E.g., for the operationalisation
of “mathematician”, one could have excluded doctoral students or chosen
institutions listed in some other standard list; for the operationalisation
of “description”, one could have modified the list of adjectives or asked
partipicants to give binary answers to whether an adjective describes the
proof or not.

Any of these changes would have been possible while still keeping the
same general research method (i.e., the factor analysis). But asking mathe-
maticians for proof descriptions can be operationalised in ways that would
require to change the method. E.g., Sa, Alcock, Inglis, and Tanswell ap-
proached a variant of our empirical research question Ψ choosing formulas
instead of proofs as the mathematical entities to be considered and the
method of comparative judgments, i.e., asking test subjects to compare two
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formulas and judge which one is more beautiful [70, § 3&4]; the resulting
data were then analysed using the model for outcomes of pairwise compar-
isons introduced in [6]. Thus, operationalising descriptions of mathemati-
cians as binary judgments resulted in a change of the underlying method,
going back to the design choices for Component 2.

III.4.4 Component 4: The sample of test subjects

One of the potentially most difficult parts of empirical social science research
is to find appropriate and willing test subjects. The choice of operational-
isation determines what kind of people we need as test subjects: now the
empirical philosophers of mathematics need to determine how they are going
to get access to these test subjects.

In contrast to many other empirical research questions in the social
sciences where the concepts involved are accessible to the general population
(e.g., usage of particular words in natural language, predictions of their
own behaviour, or judgments about their own state of mind), in empirical
philosophy of mathematics, our operationalisation usually requires making
major restrictions on who can be a test subject. In our running example,
“mathematician” was operationalised as someone who is either a doctoral
student, postdoctoral researcher, or academic staff member at a fixed list of
mathematics departments. It is easy to consider research situations where
we have to be even more restrictive: e.g., if we do research around one
particular theorem or proof, we should restrict to test subjects into whose
area of specialisation this theorem falls; if we are trying to study higher
education, we might need to restrict to students who have taken particular
classes, but not others; research about practice of mathematical peer review
might only include test subjects who are sufficiently experienced as editors
of a mathematical research journal; etc.

As in previous sections, the choice of specification of test subjects is usu-
ally not uniquely determined by the choice of the earlier three components.
However, the more restricted the group of possible test subjects becomes,
the harder it is to get a representative sample. In some cases, getting ac-
cess to test subjects requires a particular network of colleagues who can
give the needed access: in the case of researchers in a particular research
area, we might need someone from that area who invites or encourages their
colleagues to participate; in the case of students of a particular level of train-
ing, we might need access to the teaching infrastructure of a mathematics
department with information of students’ course registration; in the case of
editors of journals, we might need someone who can introduce us to many
such editors. If we do not have the required catalysts providing that access
in our network, we may have to change our decision about the specification
of the test subjects, or if that is not possible, return to Component 3 and
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re-think the operationalisation.24

In our running example, Inglis and Aberdein decided to contact all de-
partments and ask for permission to send a request to their eligible mem-
bers. This approach results in a self-selected sample.25 As part of the design
decision process, the researchers will have to evaluate whether this causes
methodological worries, and if so, to re-consider some of the previous deci-
sions (e.g., the operationalisation that created constraints on the decision
of the sample of test subjects) to alleviate them.

III.5 Concluding remarks: triangulation

In this final part of the triptych, by re-tracing the example of [32], we
have drawn a picture of what the process of an empirical research design
in empirical philosophy of mathematics, i.e., the translation steps (b) to
(d), looks like: starting from a philosophical question, we specify the four
components in a spiral movement, taking into account the empirical research
methods as well as the test subjects at our disposal, eventually reaching an
empirical question on which we can provide an answer that sheds light on
the original philosophical question.

In our description, we repeatedly emphasised that the design choices
are not unique, and therefore, the original philosophical question splits into
many different empirical research questions. The non-uniqueness of our
components is very closely related to what Cartwright dubs in [11] the tan-
gle of science where the reliability “rests on a vast amorphous network of
other heterogeneous scientific products, usually unnoted and undersung,
that woven together, as in a Jacana bird’s nest, help provide the secure
support it needs” [12, p. 1]. This multiplicity of empirical questions and
approaches allows us to use triangulation, i.e., approach a given question
from different angles and compare the results.26 Triangulation is one of the
ways in which the tangle of science is created and the various strands get
woven into the bird’s nest. These different angles can be the use of two
different research methodologies, also known as methodological triangula-
tion or mixed method research,27 or other types of triangulation where the
research method remains the same, but other components are modified to

24In order to increase access to test subjects for empirical research on mathematical
research practice, DMRCP hosts a mailing list entitled mathpracresearch for potential
participants of empirical studies, coordinated by Matthew Inglis. Readers interested in
using or subscribing to this list should contact the first author for more information.

25“As with all research which requires participants to give informed consent prior to
participation, our participants were self-selected and so cannot be said to be a truly
random sample.” [32, p. 95]

26The term triangulation was first used by Fiske and then by Webb, Campbell,
Schwartz, Sechrest, and Denzin [10, 79, 16] in their influential textbooks.

27For the term “mixed method research”, cf. [74, 39]. Green discuss W. E. B. Du Bois
as an early practitioner of mixed method research [22].
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triangulate, e.g., the use of multiple different operationalisations in order to
provide an argument that the answer does not depend on the operational-
isation. Empirical results in the social sciences obtain stability if several
triangulated approaches converge on them; usually, it is only by triangula-
tion that the description of social phenomena can be sufficiently stabilized
in order to draw reliable conclusions. Following Geertz, the results of such
multi-modal approaches are often called thick descriptions [19].28

We have highlighted the practical constraints for the empirical philoso-
pher of mathematics; they necessitate a rich network of people who bring
together the skills in a variety of research methods and provide access to
specialised groups of potential test subjects. This is the type of network that
DMRCP aims to be: we (the authors of the triptych, as well as all members
of the DMRCP) should like to encourage philosophers of mathematics to
follow this blueprint, become active in empirical research about mathemat-
ical practice, learn more about the way mathematics works in practice, and
finally draw philosophical conclusions grounded in the way mathematics is
really done in practice. We should like to close this paper by re-iterating
our invitation: anyone interested in joining the network DMRCP is cordially
invited to contact the first author.

28As mentioned before, the use of triangulation in empirical philosophy of mathematics
was argued for by the second author and Van Kerkhove [52].
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